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Abstract. The isotope shift (IS) and hyperfine structure (hfs) of nine levels (31720 to 38921 cm−1) assigned
to the configuration 4f126s7s in neutral erbium have been determined experimentally using Doppler-
reduced saturation absorption spectroscopy in a gas discharge. We performed a fine structure analysis in
the SL-coupling scheme of the single configuration 4f126s7s, confirming and extending the classification of
even parity Er I levels. We discriminated the different hfs contributions of the 4f12 core and the (6s+ 7s)
outer electrons of the shell in a non-relativistic JJ-coupling approach and in the relativistic effective tensor
operator formalism in SL-coupling. The relativistic one-electron parameters of the hfs for 167Er were fitted
to the experimental data by a least squares fit procedure: a01

4f = −147(3) MHz, a10
6s + a10

7s = −1840(30) MHz,
b02
4f = 6560(80) MHz. The level dependencies of the isotope shift were evaluated based on crossed second

order (CSO) effects. We obtained the following results for the CSO parameters for the isotope pairs
170−168Er: d6s7s = −740(30) MHz, z4f = 0(5) MHz, (g3,6s(f, 6s) + g3,7s(f, 7s)) = −24(15) MHz and for
170−166Er: d6s7s = −1500(50) MHz, z4f = 0(10) MHz, (g3,6s(f, 6s) + g3,7s(f + 7s)) = −50(29) MHz. The
resulting parameters for the hfs are compared with those known for other configurations of the Er atom
and ion.

PACS. 21.10.Ky Electromagnetic moments – 31.30.Gs Hyperfine interactions and isotope effects,
Jahn-Teller effect – 32.10.Fn Fine and hyperfine structure

1 Introduction

On the basis of the non-relativistic wave functions in the
SL-coupling scheme, the hyperfine structure (hfs) can be
treated within the effective tensor operator formalism.
Briefly, the hfs constants – magnetic dipole A and elec-
tric quadrupole B – are expressed as a linear combina-
tion of their relativistic one-electron hfs parameters aksnl
and bksklnl [1,2]. Trends of the corresponding effective elec-
tronic radial integrals along the element series, i.e. the
lanthanides, are discussed to obtain a stronger insight to-
wards the complex multi-body problem [3]. A similar ef-
fort can be seen in the evaluation of the isotope shift (IS).
Term and level (J-) dependencies in the IS within one con-
figuration are interpreted as crossed-second-order (CSO)
effects [4, 5].

However, most of the detailed evaluation on the hfs
and IS concentrates on configurations in the lower ener-
getic range, e.g. the ground configuration or the lowest
lying configuration of opposite parity. A complete atomic
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evaluation of high lying levels is fairly rare, mainly be-
cause of the following reasons: the lower levels of the tran-
sitions in the visible are not metastable making high res-
olution spectroscopy more challenging and, perhaps even
more important, high-lying levels usually contain admix-
tures of states from many other configurations, making a
meaningful theoretical interpretation very difficult.

The general remarks made above hold true for most of
the investigations in the lanthanide element series. Atomic
studies in Er, a highly refractory element, were performed
for the even parity ground configuration 4f126s2 [6–8]
and the lowest odd parity ground configuration 4f115d6s2

[9, 10]. Wyart [9] calculated eigenvectors of the low lying
odd parity levels in the system 4f11(4I)5d6s2+4f126s6p+
4f11(4I)5d26s, so that configuration mixing could have
been included in the evaluation of the hfs in 4f115d6s2.
However, the interpretation of the atomic effects was
based only on the purest low-lying levels, indicating the
difficulties which arise due to an incomplete description of
the configuration mixing. Standard laser induced fluores-
cence in an optically excited atomic beam combined with a
magnetic-dipole radio-frequency transition, i.e. a double-
resonance technique, was used by Childs et al. [7,10] to in-
vestigate several Er I transitions. Though, the application



198 The European Physical Journal D

of this precise method is restricted to metastable lower
levels.

Saturation absorption spectroscopy (SAS) in a gas dis-
charge has been cultivated in a recent study for the higher
even parity Er I configuration 4f115d6s6p [11], where var-
ious investigated transitions started from non-metastable
levels of the 4f115d6s2 configuration. This study in Er I,
together with investigations performed for the equivalent
configurations 4fn5d6s6p in Gd [12], Ho [13] and Yb [14],
demonstrates that one can obtain a very reasonable rela-
tivistic hfs-description even in an energetically high lying
and complex electronic system with up to four open shells.

Several strong Er I transitions between the configura-
tions 4f126s6p and 4f126s7s [15] argue that the high lying
even parity configuration is adequately free from configu-
ration mixing [16]. High resolution investigation of these
transitions in Er I is therefore most attractive, since this
configuration serves as an ideal test ground for a complete
evaluation of the fs, hfs and IS in a high lying configura-
tion. We were also interested to study possible tendencies
of the IS and hfs in 4fn6s7s, extending recent investiga-
tions on similar electronic systems, such as 4f136s7s of
Tm I [17] and 4f76s7s of Eu I [18] inside the lanthanide
element series.

2 Experiment

The Doppler-reduced measurements were carried out by
means of saturation absorption spectroscopy (SAS) in a
discharge containing Er I in its natural abundance. Details
of the experimental set-up can be found e.g. in [12,19]. We
used two different atomic sources for the SAS experiments,
a high-current hollow cathode and a modified atomic oven.
Figure 1 illustrates a SAS profile of the weak Er transition
at λ = 660.11 nm using a self-constructed hollow-cathode
(top picture) and an atomic oven including a discharge
for permanent excitation (lower picture). The lower non-
metastable level 4f126s6p at 17074 cm−1 of this transition
demonstrates a very strong decay to the ground configura-
tion. This situation was typical for most of the transitions
investigated in this work, as compiled in Table 1. For a
complete evaluation of the level isotope shift is was neces-
sary to include some of the fairly weak transitions in this
study.

The self-constructed see-through hollow cathode was
demountable and water-cooled [12]. The discharge cur-
rent between the stainless steel anode and the Er hollow
cylinder cathode was set between 0.5 and 1.0 A at a volt-
age of around 250 V. The buffer-gas atmosphere chosen
for the investigations was a Ar–Kr mixture (ratio typ-
ically 1 to 1) of a pressure between 40 and 120 Pa. A
common artifact in SAS are Doppler-pedestals underlying
the Lorentzian shaped signal part. The Doppler-pedestal
contribution in the total signal can be very dominating
in some cases, especially for transitions with metastable
lower levels. Cause of this effect are velocity-changing col-
lisions during the “pump-probe” modulation time [20,21].
However, the high discharge current reduced the Doppler
contribution in the spectra below 10%, as can be seen

Fig. 1. Saturation absorption signal of Er I transition
660.11 nm (17074–32219 cm−1): (a) using a high-current
hollow-cathode gas discharge lamp; (b) using an atom oven
source with a discharge above the tantalum oven orifice.

Table 1. Er I transitions of the type 4f126s6p to 4f126s7s,
4f115d26s to 4f126s7s and 4f126s2 to 4f126s6p investigated
in this work. Notation and energy (in cm−1) are taken from
[16]. The estimated visual intensities e.v.i. and wavelengths are
taken from [15].
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Table 2. (a) Experimental hyperfine splitting constants Aexp

and Bexp of even parity levels in the configuration 4f126s7s
with uncertainty (standard deviation) in brackets. (b) Exper-
imental hyperfine splitting constants Aexp and Bexp of odd
parity levels of the configuration 4f126s6p with uncertainty
(standard deviation) in brackets.
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in Figure 1a. High frequency modulation technique, as
suggested in [21], to completely eliminate the Doppler
background in the SAS signal was not necessary in this
case. A increasing in buffer-gas pressure resulted in an
additional Lorentzian line-width of around 0.6 MHz/Pa,
e.g. from typically 70 MHz (FWHM) at 40 Pa to 100 MHz
at 120 Pa. However, a higher noble-gas pressure led to a
much improved signal to noise ratio in the SAS-spectra,
which was especially important for some of the weaker
transitions.

The experimental intensity distributions of the tran-
sitions in Table 1 were fitted by theoretically reproduc-
ing the complete SAS spectra, varying the atomic con-
stants and the line shape parameters, but keeping the
isotope abundance and the relative intensities of the
hfs components constant. The experimental resolution of
40–100 MHz (FWHM) and program fitting routine en-
abled a complete determination of the relative positions
of the four even isotopes 170,168,166,164Er with a typical
uncertainty of 1–3 MHz. With similar precision we were
able to determine the relative centre of gravity of the
only stable odd isotope 167Er, of which the strongest hy-
perfine components were in most cases easy to identify.
The experimentally determined hfs-constants, A and B,
of the nine levels of the configuration 4f126s7s are com-
piled in Table 2a. Note also the hfs constants for several
non-metastable levels in the configuration 4f126s6p given
for the first time in Table 2b.

For a few of the stronger transitions it was possible
to obtain a SAS-signal of low noise level with a modi-
fied atomic beam source, formally used for laser induced

fluorescence measurements of transitions from metastable
lower levels [22]. For excitation of these metastable lev-
els an iron spiral is placed about 5 mm above the Ta-
oven which is filled with Er-pellets. In the Er vapor cloud
forming above the Ta-oven a discharge was ignited (DC
voltage between iron spiral and oven about 600 V, cur-
rent up to 600 mA). The SAS profile of the transition at
λ = 660.11 nm in Figure 1b demonstrates the improve-
ment in resolution using the oven discharge source, as
pressure broadening could be minimized. The Lorentzian
line-widths remained below 40 MHz (FWHM). Any for-
mer Doppler contribution due to collisions in the back-
ground gas is practically eliminated in this collimated
atomic oven source.

3 Results and discussion

3.1 Fine structure

A preliminary investigation of the fine structure (fs)
for the configuration 4f126s7s was accomplished by
Wyart, van Kleef and Koot. Their unpublished results
on 4f126s7s as well as the unpublished work on the sys-
tem 4f116s26p + 4f125d6s served as basis for the as-
signment of the Er levels in [16]. Also, fs calculations
were performed for even parity levels in Er I only for
4f126s2 [6] and recently for 4f115d6s6p [11]. An over-
whelming part of even parity levels in the energy range
above 33000 cm−1 remained still unclassified. The reason
for this theoretical gap lies in the fact that the fs calcu-
lations for 4f116s26p+ 4f125d6s and 4f115d6s6p were re-
stricted to the 4I core of 4f11. Therefore, the fs description
for higher even parity levels is a point at issue. However,
the high lying configuration 4f126s7s seems fairly pure
and well described in a single-configuration fs calculation.
From altogether 48 theoretical fs levels 18 are apparently
identified in this configuration [16].

In this work, we reexamined the Er I levels in 4f126s7s
by performing a single-configuration fs-calculation in the
SL-coupling scheme {4f12(2S1+1L1)6s7s(1,3S)}2S+1L to
obtain the wave functions for an interpretation of the
IS and hfs. For the semi-empirical approach altogether
11 fs parameters were applied. Table 3 compiles the re-
sulting fs-parameters. Three fs-parameters, α, β and γ,
remained fixed. Additionally, two pairs of fs-parameters
were held at a constant ratio: E2 = E1/217, taken from
Er I 4f115d6s2 [9] and G3(4f, 7s) = G3(4f, 6s)/6, taken
from Eu I 4f76s7s [18]. Unfortunately, it was not possible
to determine the fs-parameter G3(4f, 7s) independently.
The quality of the fs-fit remained the same for the ratios
G3(4f, 6s)/G3(4f, 7s) between 2 and 20. The difficulty in
determining the 7s contribution in the fs is very typical
inside the lanthanide series, particularly, when the num-
ber of known levels, assigned to singlet states (1S) of 6s7s
is very small (here: only one).

Table 4 finally compiles the experimental and theo-
retical energy levels of the configuration under investiga-
tion up to 45000 cm−1. The standard deviation of the
energy fit is 72 cm−1. Only one level could be assigned



200 The European Physical Journal D

Table 3. Fine structure parameters for the even configuration
4f126s7s in Er I from a fit to the experimental level energies.
∗: Kept in a constant ratio to the previous parameter, based
on previous calculations in Eu I. ∗∗: Kept constant.
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levels, experimental (gexp) and calculated (gcalc) g-factors and
two leading components in LS-coupling with percentage con-
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figuration 4f126s7s; ∆: deviation between experimental and
calculated energy level.
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Table 5. Experimental line isotope shifts with uncertainty
(standard deviation) in brackets for all lines listed in Ta-
ble 1 compiled for altogether four different Er isotope pairs:
170−168Er, 170−167Er, 170−166Er, and 170−164Er.
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to 6s7s (1S), the other 17 levels to 6s7s (3S). Below the
energy range of 45000 cm−1 we expect four additional lev-
els contributing to the configuration 4f126s7s which have
not yet been discovered experimentally: three character-
ized as (1S) and one (3S). The level assignments are accen-
tuated by the good agreement between the experimental
and calculated g-factors, also compiled in Table 4. The
two levels, 37014.608 cm−1 (J = 4) and 36883.886 cm−1

(J = 5), demonstrate the strongest deviation in the g-
factors. Therefore, at least these two levels seem to be in-
completely addressed by the one-configuration description
and demonstrate, as shown in the next sections, difficul-
ties when included in the description of the hfs (however,
not in JJ-coupling) and IS.

3.2 Isotope shift

The experimentally determined IS of the transitions com-
piled in Table 1 for the four Er isotope pairs 170−168Er,
170−167Er, 170−166Er, and 170−164Er are documented in
Table 5 (the isotope shift values for the line at 646.540 nm
could not be determined on grounds of worse signal to
noise ratio). Including the IS results of transitions of the
type 4f126s2 to 4f126s6p from [22–24], we were able to
obtain the level IS for the nine levels of configuration
4f126s7s relative to the ground state, i.e. the level isotope
shift of 3H6 in 4f126s2 is defined as 0 MHz. The residual
level isotope shifts (RLIS) are compiled in Table 6. Here,
the contribution of the normal mass shift have been al-
ready subtracted. Table 7 presents the different contribu-
tions of the field shift (FS) and specific mass shift (SMS)
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Table 6. Residual level isotope shifts (RLIS) including the
experimental uncertainty (standard deviation) in brackets in
the configuration 4f126s7s compiled for altogether four dif-
ferent Er isotope pairs: 170−168Er, 170−167Er, 170−166Er, and
170−164Er.
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Table 7. Field, specific mass and normal mass shift of nine
investigated levels of 4f126s7s for the isotope pair 170−168Er
only.
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in the RLIS for the isotope pair 170−168Er. The different
IS contributions were determined from a King-diagram
analysis [25] of the RLIS in Table 6, taking the residual
transition IS of the Er I line at λ = 605.279 nm as refer-
ence [9] (the SMS is practically non-existent in this tran-
sition). Quite peculiar is the large variety in FS in Table 7
for the levels around 37000 cm−1, leading to the clearly
more positive RLIS of the levels 37014 and 36884 cm−1

than the average RLIS in Table 6. The FS in the term
around 38900 cm−1 remains around −400 MHz. Note also
the increasing SMS contribution at higher levels. The SMS
equals −73 MHz for the lowest term (with the exception
of the level at 32219 cm−1, demonstrating a sudden in-
crease in the SMS = −323 MHz), increases to −130 MHz
in the middle term, and finally reaches −204 MHz at the
highest investigated term. Typical for this situation, the
SMS contributions are all negative, however, much larger
than expected [26].

To investigate the possible influence of higher-order
effects in the IS we followed the discussion made in [5].
The level IS ∆T iIS of the configuration 4f126s7s can be

Table 8. CSO-parameters of the reduced level isotope shift in
the Er I configuration 4f126s7s; ∆ fit.: standard deviation be-
tween experimental and calculated reduced level isotope shifts.
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expressed for each (pure) level i by the following equation:

∆T iRLIS = d6s7s + ci4fz4f + ci3,6sg3(f, 6s) + ci3,7sg3(f, 7s).
(1)

The level IS can be divided into several different con-
tributions, very similar to the theoretical description
of the fs levels. The parameter d6s7s stands for the
common IS contributions in all levels. Any possible J-
dependent effects in the IS are described by the parameter
z4f . The g3,ns(f, ns) parameters characterize second-order
IS-effects of the FS and SMS (no discrimination), tak-
ing account possible term-dependent effects. The angu-
lar coefficients ci4f , ci3,6s and ci3,7s of the correspond-
ing fs-integrals ζ4f , G3(4f, 6s) and G3(4f, 7s) are taken
from our fs-calculation of 4f126s7s. Table 8 compiles the
determined CSO-parameters of this study for the iso-
tope pairs 170−168Er and 170−166Er on the basis of a least
squares fit using equation (1). The correlation between the
CSO-parameters g3,6s(f, 6s) and g3,7s(f, 7s) is extremely
strong, i.e. the corresponding angular coefficients are so
similar, that an individual determination was impossible.
This problem reflects the difficulties that were encoun-
tered already during the fs-calculations for G3(4f, 6s) and
G3(4f, 7s): a significant discrimination between the 6s and
7s electron contribution was not possible. Therefore, we
can present only the result for the complete contribu-
tion (g3,6s(f, 6s)+g3,7s(f, 7s)). In addition, all three levels
around 37000 cm−1 had to be excluded from our fit. In-
side this term the deviations between the best fit values of
the RLIS and the experimental RLIS for 170−166Er were
all greater then 150 MHz. These levels seem to be dis-
turbed by neighboring terms from other configurations.
The z4f parameter we obtained from the fit is practically
equal 0 leading to the conclusion that any J-dependency
in the IS is proven to be insignificant in this configuration.
This result agrees very well with similar CSO evaluation of
the IS performed for the equivalent configuration 4f76s7s
in Eu I: there the z4f parameter also turned out to be
zero [18]. The best fit values of the residual level isotope
shift (RLIS) for isotope pair 170−166Er are compiled in the
second column of Table 9 for the assigned 18 levels and
the four experimentally unidentified levels. For four dif-
ferent levels the agreement is better than 5 MHz, which
is within the range of our experimental uncertainty. The
other two levels included for this fit demonstrate a slightly
larger deviation of ca. 30 MHz which is acceptable.
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3.3 Hyperfine structure

3.3.1 In JJ-coupling

The assignment of the levels of the configuration 4f126s7s
are given in [16] to terms in the JJ-coupling scheme{

4f12
(

2S1+1L1J1

)
6s7s

(
1,3SJ2

)}
J . In the special case

that J1 and J2 are good quantum numbers the hfs-
constants A and B can be expressed in the following very
simple and straightforward non relativistic manner [2]:

A =
1

2J(J + 1)

×
(

(J(J + 1) + J1(J1 + 1)− J2(J2 + 1))A(4f12αJ1)

+(J(J + 1) + J2(J2 + 1)− J1(J1 + 1))A(6s7sβJ2)
)

(2a)

B =
3

(2J + 3)(2J + 2)

×
(
k1(k1 + 1)− 4/3J(J + 1)J1(J1 + 1)

J1(2J1 − 1)
B(4f12αJ1)

+
k2(k2 + 1)− 4/3J(J + 1)J2(J2 + 1)

J2(2J2 − 1)
B(6s7sβJ2)

)
(2b)

k1 = J2(J2 + 1)− J(J + 1)− J1(J1 + 1);

k2 = J1(J1 + 1)− J(J + 1)− J2(J2 + 1).

A(4f12αJ1) and A(6s7sβJ2) characterize the contribu-
tions of the 4f12 and the combined 6s7s electron shells
to the magnetic dipole hyperfine interaction, B(4f12αJ1)
and B(6s7sβJ2) to the electric quadrupole hyperfine in-
teraction. One can expect that B(6s7sβJ2) converts to
zero for a combined 6s7s electron shell. However, we did
not want to omit the last part of the expression in equa-
tion (2b) in order to inspect if our data would underline
this belief.

The levels of the configuration 4f126s7s, for which
experimental hfs-data exists, belong to the three terms
3H6

3S1, 3F4
3S1 and 3H5

3S1. Following [16] the terms
3H6

3S1 and 3H5
3S1 are more then 98% pure in this

JJ-coupling scheme, but the levels assigned to the term
3F4

3S1 have a share of about 70% of this term only and an
admixture of about 20% of 1G4

3S1. About the remaining
10% no information is given in [16]. Because the angular
coefficients for the hfs parameters are determinable only
on the basis of the quantum numbers J1, J2 and J there
is no possibility to distinguish between the parameters
of 3F4

3S1 and 1G4
3S1, which have the same J1 and J2,

i.e. (4, 1). So the levels of 3F4
3S1 can be treated as 90%

pure (4, 1).
Altogether four parameters of the magnetic dipole

hyperfine interaction, A(J1 = 6, 5, 4) and A(J2 = 1),
and four of the electric quadrupole hyperfine interaction,
B(J1 = 6, 5, 4) and B(J2 = 1), were estimated by least

Table 9. Calculated residual level isotope shifts RLIScal

for the isotope pair 170−166Er, magnetic dipole and elec-
tric quadrupole constants, Acalc and Bcalc respectively in the
configuration 4f126s7s in MHz, theoretical modeling in LS-
coupling (2nd, 4th and 6th column) and in JJ-coupling (3rd
and 5th column) – further details see text; ∆: difference be-
tween calculated and experimental values. Slanted energy val-
ues: experimental location unknown.
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squares fit procedure of equations (2a, 2b) on the basis
of the experimental hfs-constants given in Table 2. The
standard deviation between experimental and best fitted
A(J1J2) and B(J1J2) is 16 MHz and 147 MHz respec-
tively, equivalent to ca. 5% deviation towards the mean
absolute value of the hfs-constants. Column 3 and 5 of
Table 9 present the calculated hfs-constants using the out-
lined approach in JJ-coupling. The deviations to the ex-
perimental values are practically equally distributed. No
level had to be excluded from the fit of either A(J1J2)
or B(J1J2), an indication for the good description in JJ-
coupling.

Table 10 compiles the resulting hfs-constants A(J1),
A(J2) and B(J1), B(J2), representing the contribution of
their shell. The main contribution in the magnetic dipole
interaction is given by the combined 6s7s-shell. For all
levels with known experimental A-factors in a very good
approximation the 6s7s-shell can be described as 3S1 base
term. A(J2 = 1) is then equals 0.5(a10

6s + a10
7s), where a10

6s

and a10
7s represent the relativistic one-electron hfs parame-

ters of the two different s-electrons (in SL-coupling). This
approximation leads to a total s-shell contribution of a10

6s+
a10

7s = 2A(J2 = 1) = −1780(100) MHz to the magnetic
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Table 10. Hfs splitting constants A(J1), A(J2), B(J1) and
B(J2) of the configuration 4f126s7s in JJ-coupling, deter-
mined from the fit of the experimental hfs constants in Table 2a
using equations (2a, 2b).
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dipole interaction. If one assumes an insignificant contri-
bution of the 7s electron the result then for the 6s elec-
tron alone compares very well with a10

6s = −1635(35) MHz
from the Er I configuration 4f125d6s6p [12] and with
a10

6s = −1891(2) MHz from Er II configuration 4f126s [27].
The magnetic dipole parameters A(J1 = 6, 5, 4) of the

different core states of the 4f12 shells are very similar, av-
eraging at about−135 MHz. Opposite to this, we obtained
a large variety in the electric quadrupole parameters in the
different core states of 4f12, B(J1 = 6, 5, 4), depending
strongly on the electronic arrangement of the 12f elec-
trons. The electric quadrupole parameter B(J1 = 4) for
3F4 is insignificant, while the constants B(J1 = 6, 5)
of the 3HJ1 terms are around −5000 MHz. The fit also
demonstrated that B(J2 = 1) equals 0 MHz, as was ex-
pected: the s-electrons do not contribute to an electric
quadrupole moment in first order approximation. The re-
sults for B(J1 = 6, 5, 4) remained in the frame of uncer-
tainty when the fit was performed with B(J2 = 1) defined
as zero. In conclusion, this instructive non-relativistic hfs-
interpretation in JJ-coupling reproduced the experimen-
tal hfs constants in all nine levels of 4f126s7s very well.

3.3.2 In SL-coupling

To be able to evaluate tendencies on the basis of hfs
parameters from other electronic configurations, we re-
examined the hfs in the SL-coupling scheme. Hence,
to determine the relativistic one-electron parameters, we
calculated the four magnetic dipole and three electric
quadrupole parameters in a configuration of the type
4fn6s7s in the effective operator technique following [2]:

A = α10
4fa

10
4f + α01

4fa
01
4f + α12

4fa
12
4f + α10

6sa
10
6s + α10

7sa
10
7s (3a)

and

B = β02
4fb

02
4f + β11

4fb
11
4f + β13

4fb
13
4f . (3b)

The corresponding angular coefficients, αkl4f and βkl4f , were
calculated using the program chfs [28]. The admixtures

Table 11. Hfs (relativistic) one-electron parameters (in MHz)
for the configuration 4f126s7s in neutral 167Er, deduced from
the measured hyperfine constants using the wavefunctions of
the fine structure calculations in LS-coupling. ∗: Parameter
values related to the corresponding a01 and b02 as described in
text.
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of the SL-states are given by our fs analysis. The rela-
tivistic one-electron parameters were estimated by least
squares fit procedure of equations (3a, 3b). Due to the
strong linear correlation of the parameters and the fact
that the hfs constants were determined for nine levels only,
it was necessary to reduce the number of free one-electron
parameters from 5 to 2 for the magnetic dipole and from 3
to 1 for the electric quadrupole. In each case, two param-
eters of the 4f -shell remained in a fixed ratio to one left
free, as outlined in [11]. Table 11 compiles the relativistic
one-electron parameters, of which a01

4f ,
{
a10

6s + a10
7s

}
, and

b02
4f , were determined independently. We tried to solve the

6s and 7s magnetic dipole contributions separately. This
was, however, impossible, for reasons similar as outlined in
the evaluation of the IS and fs. Table 9 compiles the ex-
perimental and theoretical hfs-constants Acalc and Bcalc

for all the classified levels of 4f126s7s. The fit is char-
acterized by a standard deviation of 10 MHz for A and
145 MHz for B. We did again recognize difficulties for the
two levels 37015 cm−1 and 36884 cm−1. The recalculated
electric quadrupole moment for both levels demonstrated
a very strong deviation of over 500 MHz, see Table 9. The
agreement between experimental and recalculated mag-
netic dipole moments is good, even for the apparently dis-
turbed levels at 37015 cm−1 and 36884 cm−1. Therefore,
they were excluded from the fit for the electric quadrupole
constants, but not for the magnetic dipole constants.

4 Discussion

The evaluation of the IS and the hfs gives us some indi-
cation of the source for the disturbance in the levels at
37000 cm−1. The configuration mixing into these levels of
4f126s7s is affecting the IS and the electric quadrupole
constant, without noticeably changing the expected mag-
netic dipole constant. This leads us to conclude that the
main configuration involved in the mixing is 4f125d6s.
The 6s electron contributes to most of the magnetic dipole
moment, so a mixture with this configuration would show
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Table 12. Experimental hfs radial parameters a10
ns in MHz and

corresponding radial integrals 〈r−3〉10
ns in a.u. for configurations

with open 6s and 7s shells for the lanthanides Eu, Gd, Er and
Tm.
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no appreciable effect on the A-factors. However, the in-
teraction of the 5d-electron with the 4f12-shell is severely
different and could alter any theoretical IS and electric
quadrupole constant for a pure level of 4f126s7s signif-
icantly. Reinspection of the experimentally determined
even levels in Er I [16] leads to the following: two un-
classified levels that lie very close (less than 17 cm−1)
to the disturbed ones, namely 36997 cm−1 (J = 4) and
36898 cm−1 (J = 5). The highest classified level of the
configuration 4f125d6s is at 33750.645 cm−1, almost 90%
of the even parity levels above that energy range re-
main unclassified. We propose to assign these two levels
36997 cm−1 (J = 4) and 36898 cm−1 (J = 5) as predom-
inantly 4f125d6s.

That the constants B of the disturbed levels
37014 cm−1 and 36883 cm−1 match well for the fit in
JJ-coupling can be explained by the fact that a free pa-
rameter B(J1 = 4) is used to fit the B values for this
term.

To compare the results of the parametric analysis of
the hfs of configurations with open 6s and 7s shells for
different lanthanides, the one-electron parameters a10

ns are
transformed to the radial integrals 〈r〉10

ns using the follow-
ing expression [29]:

〈r〉ksklnl = 0.010481
I

µI
aksklnl

where aksklnl is given in MHz, 〈r〉ksklnl in units of a−3
0 , I is the

nuclear spin and µI the nuclear moment in units of nuclear
magnetons. Data are available for the five lanthanides Eu,
Gd, Er, Tm and Yb and are collected in Table 12. For Gd
the corresponding configuration is 4f75d6s7s, where one
6s electron of the ground configuration is excited to the
7s-shell. The parameter a01

4f do not appear for Eu, Gd and
Yb, either due to the restriction of the 4f7 to the 8S core
state or due to the closed 4f -shell. Therefore, a discussion
of the parameter of the 4f shell is discarded. Since in three
cases the total contribution of the 6s7s shells is determined
only, we confine to this parameter.

Europium

The sub-configuration 4f7(8S)6s7s of Eu consists of four
levels only, their A constants have been determined

experimentally [18]. Due to the restriction of the 4f7 to
the 8S core state the contribution of the 4f -electron is
expressed by the single parameter a10

4f . For Eu it was pos-
sible to estimate independently the contribution of the 6s
and the 7s electron from a least squares fit with three pa-
rameters and four A constants [18]. The ratio of a10

6s/a
10
7s

is equal to 6.1.

Gadolinium

The main problem in Gd is the large number of hfs pa-
rameters due to the open 5d electron shell, although (for
the same reason as for Eu) the contribution of the 4f -
electron is expressed by one single parameter only. Using
the experimental A constants for ten levels the parame-
ter a10

7s has been determined [30]. But the Fermi contact
terms of the 4f , 5d and 6s shells are strongly correlated
and only one single common radial parameter A10

4f,5d,6s
results from the fit. Since the contribution of the 6s shell
strongly dominates and the contribution of the 4f and 5d
shell is estimated to be in the order of the uncertainties,
the parameter a10

6s is set equal to A10
4f,5d,6s [30]. Then the

ratio of a10
6s/a

10
7s is equal to 5.2.

Erbium

For Er it was not possible to determine the contributions
of 6s and 7s separately, although the experimental hfs
constants are determined for nine levels. This is due to
the fact that all these nine levels are mainly composed
of 6s7s(3S) states (see above). Therefore, a separation of
the contribution of the 6s and the 7s with these states is
impossible.

Thulium

The configuration 4f136s7s of Tm consists of nine lev-
els. The A constants of all these levels are known [17,31].
In principle it is possible to determine the ratio a10

6s/a
10
7s

on the basis of this experimental hfs data. However,
the ratio decisively depends on the wave functions of
the four 3S levels with J = 5/2 and 7/2, which on the
other hand depend on the ratio between the fine struc-
ture parameters G3(4f, 6s) and G3(4f, 7s). This ratio
G3(4f, 6s)/G3(4f, 7s) may be varied from 5 to 20 with-
out any appreciable influence on the standard deviation
of the fit. Therefore, for Tm the only statement, that can
be made for this ratio a10

6s/a
10
7s is, that it lies between 5

and 20 [17].

Ytterbium

The configuration 4f146s7s of Yb has a closed 4f shell and
is composed of two levels only, one of these with J = 0.
The A constant of the 3S1 level is measured for example
in [32] with 173A = −1879(10) MHz. For this level the
angular coefficients α10

ns for the 6s and 7s shell are 0.5,
that results in a value of a10

6s + a10
7s = 3758(20) MHz.

For all five elements a variety of problems arise, but
in all cases at least the common contribution of the 6s
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and 7s shell to the hfs can be determined. The five values
of the radial integrals 〈r−3〉10

6s + 〈r−3〉10
7s increase with the

nuclear charge of the elements and lie pretty well on a
straight line. This indicates the increase in binding energy
of the ns electrons with increasing nuclear charge due to
the imperfect shielding of the 4f electrons. The same trend
was found for the s electrons in other configurations of the
lanthanides (see for example [3]). The ratio a10

6s/a
10
7s could

be determined in two cases and estimated in one. It is in
all three cases in the same order of magnitude.

5 Conclusion

Here, the hyperfine splitting constants A and B and the
residual level isotope shift for nine levels of the configu-
ration 4f126s7s have been determined experimentally. A
parametric analysis of the level IS values and of the A and
B factors in JJ- and SL-coupling are performed. With
exceptions of two levels at around 37000 cm−1 the exper-
imental values could be well reproduced by the fits and
theoretical predictions for the experimentally unknown A
and B constants and the residual level isotope shift could
be stated. The discrepancy of the values for the two levels
at 37000 cm−1 can be explained by energetic near lying
perturbing levels. A comparison of the parameter a10

6s with
values of the Er I configuration 4f115d6s6p and of the Er II
configuration 4f126s shows good agreement.

The present work is part of a systematic investigation
of isotope shift and hyperfine structure of elements in the
series of lanthanides.
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23. W.G. Jin, T. Horiguchi, M. Wakasugi, Y. Yoshizawa, J.

Phys. Soc. Jpn 59, 3148 (1990).
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